Abstract. If G/K is a non-compact symmetric space, g = LieG, k = LieK and g = k+p the corresponding Cartan decomposition, then the orbits X = Ad G (K)x, x ∈ p, are called real flag manifolds. We take a ⊂ p a maximal abelian subspace and M := Z K (a). Under certain restrictions on G/K (which guarantee that M is connected) we show that the action of M on X is equivariantly formal, i.e. H *
Introduction
Let K be a compact Lie group, x 0 ∈ LieK and X = Ad(K)x 0 the corresponding adjoint orbit (so-called complex flag manifold). The canonical action of the maximal torus T ⊂ K on X is an important example of a Hamiltonian torus action on a symplectic manifold. The following facts concerning the T -equivariant cohomology 1 of X are well-known (see e.g. [Br] , [Bo] , [Bo-Sa] , [Gu-St] 
Now X = Ad(K)x 0 is just an example of a real flag manifold. More precisely, let G/K be a non-compact symmetric space, where G is a non-compact semisimple Lie group and K ⊂ G a maximal compact subgroup. Then K is connected [He, Thm. 1.1, Ch. VI] and there exists a Lie group automorphism τ of G which is involutive and whose fixed point set is G τ = K. The involutive automorphism d(τ ) e of g = Lie(G) induces the Cartan decomposition
where k (the same as Lie(K)) and p are the (+1)-, respectively (−1)-eigenspaces of (dτ ) e . Since [k, p] ⊂ p, the space p is Ad G (K) := Ad(K)-invariant. The orbits of the action of Ad(K) on p are called real flag manifolds, or s-orbits. The restriction of the Killing form of g to p is an Ad(K)-invariant inner product on p, which we denote by , . In this way any real flag manifold has a canonical embedding in the Euclidean space (p, , ).
Fix a ⊂ p a maximal abelian subspace. Recall that the roots of the symmetric space G/K are linear functions α : a → R with the property that the space
is non-zero. The set Π of all roots is a root system in (a * , , ). Pick ∆ ⊂ Π a simple root system and let Π + ⊂ Π be the corresponding set of positive roots. For any α ∈ Π + we have
We have the direct decompositions
where m denotes the centralizer of a in k. The multiplicity 2 of a root α ∈ Π + is
In fact m is the Lie algebra of the Lie group
as well as of
One can see that M is a normal subgroup of M ′ ; the Weyl group of the symmetric space
It can be realized geometrically as the (finite) subgroup of O(a, , ) generated by the reflections about the hyperplanes ker α, α ∈ Π + .
Take x 0 ∈ a and let X = Ad(K)x 0 be the corresponding flag manifold. The goal of our paper is to study the action of M on X. We will confine ourselves to the situation when the simple root multiplicities are strictly greater than 1, because then M is connected (see Lemma 2.2).
Examples. The multiplicities of irreducible symmetric spaces can be read off from [He, 1. any connected compact semisimple Lie group K; in this case all multiplicities are equal to 2 and the corresponding flag manifolds are the adjoint orbits of K; 2. SU(2n)/Sp(n); all multiplicities are equal to 4 and the Weyl group W is of type A; the corresponding flag manifolds are the manifolds of flags in H n ; 3. E 6 /F 4 ; all multiplicities are equal to 8 and the Weyl group is A 2 ; the flag manifolds are important examples in the incidence geometry (see e.g. [Fr] ):
• the Cayley projective plane P 2 (O) = F 4 /Spin(9) • F 4 /Spin(8); this is the space of all pairs (p, L) where p is a point and L is a line -actually an 8-dimensional sphere, i.e. a fiber of the bundle
-in the Cayley projective plane; 2 The definition is slightly different from the one in [Lo, Ch. VI, section 4] , where the multiplicity of α is just dim k α 3 All details concerning these symmetric spaces can be found in [He, p. 452] 4. SU(m + n)/S(U(m) × U(n)), with m > n; the multiplicities are 2 and 2(m − n) + 1 and the Weyl group W is of type B; 5. Sp(m + n)/Sp(m) × Sp(n), with m ≥ n; the multiplicities are 4 and 4(m − n) + 3 and the Weyl group W is of type B.
Our first result is:
(ii) we have the group isomorphisms
.
where the sum runs after all α ∈ Π + such that α/2 / ∈ Π + and the line segment [x 0 , w.x 0 ) crosses the hyperplane ker α.
The ring structure of H * M (X) is more difficult to obtain. We will consider only the situation when the symmetric space has all root multiplicities equal, call m their common value, which is an even number.
for any h ∈ M ′ and k ∈ K. It is obvious that the actions of W and K on X commute with each other. Consequently W acts on H *
, where E := EK, and W acts on E × K X by the (well-defined) assignment
w ∈ W , e ∈ E and x ∈ X. Now the canonical ring homomorphism
is W -equivariant. Indeed, Φ is induced by the inclusion
where e 0 is a fixed element of E; the point is that this inclusion is W -equivariant, as we can see from the definition of the action of W on E × K X.
Our second main result gives a description of the usual cohomology of X: Theorem 1.3. Assume that G/K is an irreducible non-compact symmetric space whose simple root multiplicities are equal to the same number, call it m, which is an even number
where the action of W on a * is the standard one. They extend to W -equivariant ring homomorphisms
where H * denotes the subring of H *
is surjective and its kernel is the ideal S(a * )
W + generated by all nonconstant W -invariant elements of S(a * ). Consequently we have
Remarks. 1. The manifold X = Ad(K)x 0 is the "real locus" [Go-Ho] , [Bi-Gu-Ho] of an anti-symplectic involution on the adjoint orbit of a compact Lie group U. More precisely, take g c = g ⊗ C considered as a complex Lie algebra and let σ : g c → g c be the complex conjugation. Let G c be the simply connected Lie group of Lie algebra g c . Being a Lie algebra automorphism, σ is the differential at the identity of a Lie group automorphism of G c , call it also σ (it is convenient to think that we deal with matrix Lie groups/algebras, Adg(x) = gxg −1 , and σ is the complex conjugation). Recall that g = k ⊕ p is the Cartan decomposition corresponding to the symmmetric space G/K. It turns out that the connected Lie subgroup U of G c corresponding to the Lie subalgebra
The automorphism σ of G c induces an automorphism of U, whose fixed point set is U σ = K. We identify our initial real flag manifold X with Ad(K)(ix 0 ), which is a submanifold of the adjoint orbit
As σ(ix 0 ) = −ix 0 , the automorphism −σ of g leaves Y invariant. Moreover, one can see that X = Ad(K)(ix 0 ) is a connected component of the fixed point set Y −σ . The involution −σ of Y turns out to be anti-symplectic, in the sense that if ω is the KKS-symplectic form on Y , then ω y (σu, σv) = −ω y (u, v), for any y ∈ Y , u, v ∈ T y Y . The subspace ia of ip is maximal abelian. We have two actions on Y : the (adjoint) action of the torus T = exp(ia) and the (complex conjugation) action of σ; they fit together well, in the sense that
In this way, X fits into the framework of [Go-Ho] and [Bi-Gu-Ho] . But these papers investigate 6 X from the perspective of the action of T R = {t ∈ T : σ(t) = t} = T ∩ K = T ∩ M, whereas we are interested here in the action on X of a group which is usually larger than T R , namely M. [Bo-Sa] ), our proof is different: they rely on Borel's formula (1) for H * (K/T ) whereas we actually prove it. It is worth mentioning here that our approach gives a new, purely geometric, proof of Borel's formula (1).
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Symmetric spaces with multiplicities greater than 1 and their flag manifolds
Let G/K be an arbitrary non-compact symmetric space, x 0 ∈ a and X = Ad(K)x 0 the corresponding s-orbit. The latter is a submanifold of the Euclidean space (p, , , ). The Morse theory of height functions on X will be an essential instrument. The following proposition summarizes results from [Bo-Sa] or [Hs-Pa-Te] (see also [Ma] ).
Proposition 2.1. (i) If a ∈ a is a general vector (i.e. not contained in any of the hyperplanes ker α, α ∈ Π + ), then the height function h a (x) = a, x , x ∈ X is a Morse function. Its critical set is the orbit W.x 0 .
(ii) Assume that a and x 0 are contained in the same Weyl chamber in a. Then the index of h a at the critical point w.x 0 is
where the sum runs after all α ∈ Π + such that α/2 / ∈ Π + and the line segment [a, wx 0 ) crosses the hyperplane ker α.
The next lemma shows which are the benefits of having all simple root multiplicities greater than 1: Lemma 2.2. Assume that the root multiplicities m α , α ∈ ∆, of the symmetric space G/K are all greater than 1. Then
Proof. (i) This is a consequence of the Morse lacunary principle (see e.g. [Bott] ): by (4), the difference of the indices of any two critical points of h a is different from ±1.
(ii) Take a ∈ a a general vector. The height function h a on Ad(K)a is Z-perfect. From (4) we deduce that H 1 (Ad(K)a, Z) = 0, thus Ad(K)a is simply connected. On the other hand, the stabilizer K a is just M (see e.g. [Bo-Sa] ). Because K/M is simply connected and K is connected, we deduce that M is connected.
(iii) The height function h a is Ad(M)-invariant, thus Crit(h a ) = W.x 0 is also Ad(M)-invariant. The result follows from the fact that M is connected.
We are now ready to prove Theorem 1.2. Proposition C.25] it is sufficient to show that H * M (X) is free as a H * M (pt)-module. In order to do that we consider the height function h a : X → R corresponding to a general a ∈ a. This is an M-invariant Morse function. Moreover, the stable and unstable manifolds intersect transversally [Ko, Corollary 2.2.7] . The M-equivariant Morse complex [Au-Br, Section 6] has all boundary operators identically zero, because if x ∈ Crit(h a ), there is no critical point whose index is one unit less than the index of x (see (4) Throughout this section G/K is a non-compact irreducible symmetric space whose simple root multiplicities are all equal to, say m, where m > 1; x 0 ∈ a is a general vector and
Proof of Theorem 1.2. (i) According to
the corresponding real flag manifold. There are three such symmetric spaces; their compact duals are:
1. any connected simple compact Lie group K; we have m = 2; the flag manifold is X = K/T , where T is a maximal torus in K; 2. SU(2n)/Sp(n) where m = 4; the flag manifold is X = Sp(n)/Sp (1) ×n ; 3. E 6 /F 4 where m = 8; the flag manifold is X = F 4 /Spin(8) (see Example 3. in the introduction).
Let ∆ = {γ 1 , . . . , γ l } be a simple root system of Π. To each γ j corresponds the distribution E j on X, defined as follows: its value at x 0 is
An important instrument of the proof will be the basis of H * (X, Z) consisting of the BottSamelson type cycles [Bo-Sa] , [Hs-Pa-Te] . The construction presented in what follows is slightly different from the one in the two papers mentioned before; the details can be found in [Ma] . Assume that x 0 is in the (interior of the) Weyl chamber C ⊂ a which is bounded by the hyperplanes ker γ j , 1 ≤ j ≤ l. The Weyl group W is generated by s j , (the reflection of a about the wall ker γ j ) 1 ≤ j ≤ l. For each 1 ≤ j ≤ l we consider the Lie subalgebra m + k γ j of k; denote by K j the corresponding connected subgroup of K. It turns out that the orbit Ad(K j )x 0 is a round metric sphere of dimension m. To any x = Ad(k)x 0 ∈ X we attach the round sphere
The spheres S j are integral manifolds of the distribution E j . We denote by [S j ] the homology class carried by any of the spheres S j (x), x ∈ X. It turns out that S 1 (x 0 ), . . . , S l ( Proposition 3.1. We can always choose an orientation of the spheres S j , 1 ≤ j ≤ l, such that the linear isomorphism a → H m (X) determined by
We need one more thing about the action of W on H * (X):
Lemma 3.2. If x ∈ a is an arbitrary element, then the stabilizer K x contains M. If 
Proof. The map p : K/M → K/K x is in fact a fibre bundle. The fiber K x /M is an s-orbit of the symmetric space G x /K x . The latter has all root multiplicities equal to m, as they are all root multiplicities of some roots of G/K. By Theorem 1.2 (ii), K x /M has non-vanishing cohomology groups only in dimensions which are multiples of m. The same can be said about the cohomology of the space K/K x . Because m ∈ {2, 4, 8}, the spectral sequence of the bundle p : K/M → K/K x collapses, which implies that p * is injective.
The map p is W -equivariant w.r.t. the actions of W on Ad(K)x 0 , respectively Ad(K)x defined by (2). Thus if w ∈ W x , then w| Ad(K)x is the identity map, hence we have p • w = p. This implies the inclusion
On the other hand, the action of W on X defined by (2) is free, as the Ad(K) stabilizer of the general point x 0 reduces to M. Consequently we have
Now we use that p * is injective.
In order to prove the last statement of the lemma, we take x = 0 ∈ a.
Now let us consider the Euler class
We will prove that:
(ii) The linear isomorphism a * → H m (X) determined by
Proof. By Proposition 3.1 we know that
Take the expansion
The automorphism s i of X maps the distribution E i onto itself and changes its orientation (since so does the antipodal map on a m-dimensional sphere). Thus
By Proposition 3.1, the matrix (d ij ) is the Cartan matrix of the root system dual to Π, hence it is non-singular. Consequently τ i , 1 ≤ i ≤ l is a basis of H m (X). Again by Proposition 3.1 we have
It remains to notice that d ji can also be expressed as
The following proposition gives the desired presentation (see Theorem 1.3) of H * (X):
is surjective and its kernel is the ideal
Proof. By Lemma 3.3, Φ is W -equivariant and by Lemma 3.2, I W ⊂ ker Φ. By Lemma 3.5 (see below), it is sufficient to prove that Φ(
To this end, we will describe explicitly Φ(α), for α ∈ Π + . Write α = w.γ j , where w ∈ W . The latter is of the form w = hM, with h ∈ M ′ . The image of S j (x 0 ) by the automorphism w of X is
=S α (w.x 0 ).
Here K α is the connected subgroup of K of Lie algebra m + k α and S α (x 0 ) := Ad(K α )x 0 is a round metric sphere through x 0 ; for any x = Ad(k)x 0 ∈ X we have S α (x) := Ad(k)S α (x 0 ), which is an integral manifold 8 of
Thus the differential of w satisfies (dw)(E j ) = E α , which implies e(E j ) = w * e(E α ).
Consequently Φ(α) = Φ(w.γ j ) = w −1 .Φ(γ j ) = (w −1 ) * (e(E j )) = e(E α ).
We deduce that Φ(
On the other hand, The following lemma has been used in the proof: is a W -equivariant linear isomorphism. Again by Lemma 3.3, the isomorphism (6) a * → H m (X), γ j → e(E j ), 1 ≤ j ≤ l is W -equivariant. The isomorphisms (5) and (6) give (3). Theorem 1.3 is now completely proved.
